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In this work, the mass of charged pions is investigated in the presence of background magnetic
fields stronger than the energy scale of QCD. We introduce an anomaly magnetic momentum term in
the Dirac equation and obtain the quark propagator as consequence. We find a novel finite Landau
level, denoted as tlLL, becoming dominant rather than the conventional lowest Landau level. We
examine that, due to the shifting of Landau level, it drives a mass decreasing around eB ∼ 0.8 GeV2
for charged pions and their masses drastically limit to the neutral one at ultra-strong magnetic field,
eB ∼ 1.6 GeV2, which is consistent with the recent lattice simulation.
INTRODUCTION
Strong magnetic field play an important role in under-
standing the compact stars after the discovery of mag-
netars and it could be as high as 1018 G in the inte-
rior [1]. It also suggested that during the cosmological
phase transitions in the early universe, magnetic field
amplifies to the order of eB ∼ m2W [2]. Nowadays, the
strongest B-field is produced in the non-central heavy
ion collisions on earth. Its strength is expected to be on
the order of eB ∼ m2pi [3, 4]. Though the ultimate up-
per limit is unknown in estimating any magnetic fields in
the universe, strong magnetic fields have opened another
attractive scenario to probe quantum chromodynamics
(QCD) and quantum electrodynamics (QED) systems.
Many novel phenomena [5] emerge from such particular
environments and have drawn great interests.
The effects of the magnetic field on the masses of
hadrons are significant in investigating the spontaneously
chiral phase transition of QCD matter [6–10]. Moreover,
it is expected that studies of hadrons properties in a
strong magnetic field provide more information about the
structure of the strong interaction. Pion plays a essen-
tial role among the hadrons because its nearly massless
is the outcome of Goldstone theorem. Other hadrons are
intensely affected by the behaviors of pions because of
scattering via pipi interactions. It is found a rather sub-
stantial mass splitting between the charged and neutral
pions in magnetized system. As a compact wave packet,
it is simply explained by the relativistic quantum me-
chanics, scalar particles interacting with an electromag-
netic (EM) field.
The splitting of magnetized pion masses can be un-
derstood from the view of global symmetry of QCD, as
well. It is known, for light flavor quarks, the global sym-
metries of Lagrangian reduces from SU(2)V × SU(2)A to
U(1)I3 × U(1)AI3 in QCD×QED scenario [11], based on
the fact that only the third component of SU(2) remains
intact by the asymmetric U(1)em coupling in flavor space.
Therefore, one Goldstone boson pi0 is created via sponta-
neously symmetry breaking (SSB) of U(1)AI3 . Without
the Goldstone boson nature, charged pions can’t preserve
as light as neutral pion in magnetized environments. Pre-
vious studies achieve a common agreement in the mass
splitting between pi± and pi0, including chiral perturba-
tion theory [6], numerical lattice QCD simulations [7] and
QCD-inspired model approaches [8–10].
Renewed interest has arisen in studying the magne-
tized pion masses for recently published lattice calcula-
tions [12]. In their simulations, charged pseudo-scalar
particles agrees quite well at eB . 0.3 GeV2 with the
results of early investigations, described by the meson
lowest Landau level (LLL), i.e., point-like, approxima-
tion. However, the authors found the masses of pi± and
K± increase at beginning but decrease as magnetic field
grows. Such non-monotonous behavior is firstly observed
and differs with previous quenched results. They claimed
the reason for not observing non-monotonic behavior in
previous full QCD simulation is that eB is not sufficiently
strong [7].
In magnetars, remarkable effects are created by the
minor magnetic anomaly after amplifying by the strong
magnetic field [1]. Turning out, a tightly bound state
of hadrons consists a large anomalous magnetic mo-
ment which motivating us to employ it as an addi-
tional prescribed parameter while writing down the
effective Lagrangian. As known in Dyson-Schwinger
equation of QCD, the consequence of the generat-
ing momentum-dependent anomalous chromomagnetic
moment for dressed light quarks, is that these same
quarks also obtain an anomalous electromagnetic mo-
ment (AMM) in a similar magnitude and opposite sign,
larger than the well known QED radiation [13, 14].
Other instanton-based theories [15, 16], light-front quark
model [17] and quark models [18] provide significant
AMM effect, as well.
In this letter, we investigate how the AMM cou-
pling [19–22] affects the masses of charged pions at zero
2temperature. We examine that the inconsistent between
the state-of-the-art lattice simulation and previous model
approaches can be addressed by the impact of AMM.
We demonstrate that the AMM coupling gives rise to
a changing of most contributed fermion’s Landau level
from n = 0 to finite one. Occupying around such finite
Landau level, all three polarization operators of pseudo
scalar are fully gotten rid of the sign dependence of elec-
tric charges and hence charged pions become light re-
lating to SSB. We shall prove this statement in a more
explicit way in the later text. We remark here that AMM
will not break any additional symmetry which has main-
tained by the mass term. Therefore, the introducing of
AMM will not modify early analysis of global symme-
tries [19, 20].
THE LIGHTEST LANDAU LEVEL
APPROXIMATION
To explore the dynamical behaviors of pion, we shall
start from studying the quark propagator including
AMM coupling. Here, the Lagrangian density of fermion
is described by
L = ψ¯
(
/D −m+ qfκ
2m
σµνFµν
)
ψ, (1)
where σµν = i [γµ, γν ] /2. 2m in the denominator is in-
troduced for dimensionless and Dµ = − i∂µ− qfAµ. Fol-
lowing Schwinger’s proper time method [23], we obtain
fermion propagator as
G =
1
/D −m+ qfκ2m σµνFµν
=
/D +m+
qfκ
2m σ
µνFµν
/D
2 −m2 + /Ω
= i
(
/D +m+
qfκ
2m
σF
) ∫
ds e− iM
2s+i /D2s+i/Ωs, (2)
where /D
2
= D2 − qfσF/2, M2 = m2 − q2fκ2B2/m2
in terms of matrix notation, e.g. Fµν = (F)µν , σF =
σµνFµν , and the AMM term develops to
/Ω = − iqf 2κB
m
(
γ3γ5∂0 − γ0γ5∂3
)
. (3)
Because
[
(σµν)⊥, γ
(0,3)γ5
]
= 0 with ⊥= 1, 2, it leads /Ω
commuting with /D
2
and allows exponential expanding
ei/Ωs = cosh (iΩs) +
/Ω
Ω
sinh (iΩs) , (4)
where Ω =
√
/Ω
2
= 2|qf |κB
√
−∂20 + ∂23/m being a unit
matrix.
Solving the one-particle equations of motion of Heisen-
berg type as what Schwinger’s did [23, 24], the Greens
function for a Dirac particle reads as:
G(x, y) =
φ(x, y)
4pi2
∑
±
∫
ds
s2
e− is(M
2−Π2∓Ω)−L(s) [m
+
1
2
γµ (f(s) + qfF)µν (x − y)ν +
qfκσF
2m
] [
1± /Ω
Ω
]
, (5)
where φ(x, y) is the well known phase factor and
Π2 =
1
4
(x− y)f(s)(x − y) + qfσF
2
, (6)
f(s) = qfF coth (qfFs) , L(s) =
1
2
tr ln
sinh (qfFs)
qfFs
.
Other approaches can be found in [19, 20, 25, 26]. Taking
Fourier transform to momentum space and decomposing
over the Landau pole [27], the propagator is
G˜(qf , k) = i exp
[
− k
2
⊥
|qf |B
]∑
±
∞∑
n=0
(−1)n
× Dn(qfB, k) Λ±
k2
q
− 2n|qf |B −m2 + q
2
f
κ2B2
m2 ±
2|qf |κB
m
√
k2
q
, (7)
with
Λ± = 1± γ
3γ5k0 − γ0γ5k3
|kq| sign(qf ), (8)
Dn(qf , k) =
(
k0γ
0 − k3γ3 +m+ qfκσF
2m
)
(9)
× [P−Ln (2zf )− P+Ln−1 (2zf)] + 4k⊥γ⊥L1n−1 (2zf) ,
and P± = 1 ± iγ1γ2 sign(qf ). Here kq = (k0, k3), k⊥ =
(k1, k2), γq =
(
γ0, γ3
)
and γ⊥ = (γ1, γ2) as usual.
Comparing without AMM, the energy dispersion is
split into k0 = ±
(
k23 +∆
2
±
) 1
2 with
∆± =
√
m2 + 2n|qf |B ± |qf |κB
m
, (10)
which is referred to Zeeman splitting [19, 28]. From
this formula, it observes that the propagator involv-
ing ∆− plays a more important role than ∆+ and we
will ignore the latter one in the further calculations.
Moreover, the Landau level at n = 1 with ∆− is the
most contributing channel instead of the LLL while
q2fκ
2B2 ∼ m4 + 2m2|qf |B. Following lattice results, we
use eB
(1)
cri ∼ 0.8 GeV2, mq ∼ 0.35 GeV and qu = 2e/3,
which has lower threshold to excited, to estimate that
κ ∼ 0.716. (11)
As magnetic field growing to eB ≫ m2, the denomi-
nators of the u, d quark propagators simplify to
∆−(lf , qf ) =
√
2lf |qf |B − |qf |κB
m
(12)
3and the Landau levels are determined by
lf = floor
( |qf |κ2B
2m2
)
=
|qf |κ2Blf
2m2
. (13)
Vice versa, for every lf , we define the corresponding crit-
ical value Blf = 2lfm
2/(|qf |κ2). It is noticed that, for
eB ≫ (m2, k2
q
)
, only qfκσF/(2m) term has been re-
mained in the longitudinal part of the numerator. We ex-
plicitly write down the propagator in terms of ∆−, which
named as the lightest Landau level (tlLL) approximation,
G˜l(lf , qf , k) = i(−1)lf e
−zf
k20 − k23 −∆2−
(14)
×
{
qfκσF
2m
[P−(qf )− P+(qf )] + 4/k⊥L1lf−1(2zf)
}
.
We have applied Ln(2zf ) = Ln−1(2zf ) = 1 for n ≥ 1
and zf = k
2
⊥/(|qf |B). The promising thing in tlLL ap-
proximation is that, as a doublet, it includes spin ↑ and ↓
seen from operator projections P−(qf ) and P+(qf ). It is
unlike the LLL approximation, which only contains one
spin and then excludes the s-wave paring of charged pi-
ons. We emphasize here thatm will be replaced by ΛQCD
in chiral limit since m is introduced for a easier energy
counting, not strongly mass dependent.
COMPARISON
At both zero Landau levels, tr
(
γ5G˜0uγ
5G˜0d
)
= 0 since
P−(qu) = P+(qd). The nontrivial contribution is com-
ing from the higher Landau levels n ≥ 1 and hence in-
duces the masses enhancement of charged pions, such
that
(
m2pi± −m2pi0
)
∼ eB.
The critical value of B where both the dominant Lan-
dau levels of up and down quark have been lifted to finite
lf is determined by
√
m2 + 2qdB
(2)
cri =
qdκB
(2)
cri
m
. (15)
It gives that B
(2)
cri ∼ 1.6 GeV2 which almost twice of B(1)cri
as expected. At this regime, the ruling Landau level of
down quark changes from n = 0 to n = 1, meanwhile,
tlLL of up quark has driven to n = 2.
For B > B
(2)
cri , we are safely to apply tlLL approxi-
mation to study the mass difference between neural and
charged pions. Note here that the relation between tlLLs
of up and down quark is lu = 2ld. In Nambu and Jona-
Lasinio (NJL) model, meson modes are extracted as the
solutions of Bethe-Salpeter (BS) equation for T matrix in
the random phase approximation. As collective modes,
pion masses M±,0 are ultimately determined by finding
the zeros of the inverse meson propagators in the rest
frame 1 − gsΠ±,0 (M±,0) = 0, where Π±,0 are the po-
larization operator in pseudo-scalar channels and gs is
model parameter in NJL model.
According to the the pseudo-scalar current Japi =
q¯(x) iγ5τ
aq(x) for a = 1, 2, 3, one finds that
Π+ = 2 tr
[
G˜lu
(
p+0 ,k
)
γ5G˜ld
(
p−0 ,−k
)
γ5
]
(16)
∼ 2
∑
nu,ld
∫
e−zu−zd
|quqd|κ
2B2
(2m)2 − L1nu−1L1ld−1k2⊥
Ξ+ (nu, ld)
dΓ
∼ 2B
∑
nu,ld
∫ |quqd|κ2B2
(2m)2 − au
√
nuld
√
|quqd|B2
Ξ+ (nu, ld)
dkq,
where dΓ = dk⊥ dkq,
∑
nu,ld
=
∑2ld+1
nu=2ld−1
(−1)l+ with
l+ = nu + ld − 1, au = 1, 0 for nu = 2ld and nu 6= 2ld,
respectively. The denominator
Ξnu+ =
(
p20 − k23 −∆2−(nu)
) (
k20 − k23 −∆2−(ld)
)
, (17)
where p0 =M − k0.
We have applied L1n(2z) ∼
√
n/(2z) ezJ1(2
√
2nz) for
large n [29]. Hence, it is easily noticed that luzu = ldzd.
The left integration with respect to k⊥ is applied by the
orthogonalized condition∫ ∞
0
xJ1(ax)J1(bx) dx =
1
a
δ(a− b). (18)
We remark that the coefficient of 1/a is reset to 1 even-
tually. It is according to the latter common known or-
thogonalized integration of (L1n−1)
2 and we realize the
reminisce integration of J1(ax)J1(bx) shall rescale after
imposing the asymptotic properties of generalized La-
guerre orthogonal polynomials. Finally, we obtain the
numerator of Π+ as
I+ (nu = 2ld) = (−1)l+
( |quqd|κ2B3
2m2
−
√
luld|quqd|B2
)
= (−1)3ld |quqd|κ
2B2
2m2
(
Blf −B
)
. (19)
Here, the critical value of Blf is same for u, d quarks with
lu = 2ld. I+ is zero at the point B = Blf . Therefore,
in the interval closed to Blf , one has to take the nearby
Landau levels of 2ld ± 1 into account. In these Landau
states,
∑
±
I+ (nu = 2ld ± 1) = (−1)3ld |quqd|κ
2B3
m2
. (20)
Repeating the above procedure, we have
Π0 = Tr
[
G˜lf
(
p+0 ,k
)
γ5G˜lf
(
p−0 ,−k
)
γ5
]
(21)
∼ trf
∑
nf ,lf
∫
e−2zf
q2fκ
2B2
(2m)2 − L1nf−1L1lf−1k2⊥
Ξ0 (nf )
dΓ
∼ trf
∫
q2fκ
2B2
(
Blf −B
)
4m2 Ξ0 (lf )
+
q2fκ
2B3
2m2 Ξ0 (lf ± 1) dkq,
4where
∑
nf ,lf
=
∑lf+1
nf=lf−1
(−1)nf+lf−1 and
Ξ
nf
0 =
(
p20 − k23 −∆2−(nf )
) (
k20 − k23 −∆2−(lf )
)
. (22)
Similarly, the first term in the last line of Eq. (21) flips the
sign while B near and away Blf . Since the neutral pion is
Goldstone boson whose mass slightly affected by the mag-
netic field. We conclude that the sign flipping of Π±,0 and
the varying ingredient of (−1)3ld in I+ don’t have influ-
ence on finding the zeros of BS equation and determining
the corresponding pion masses. For every lf , its applica-
ble range is in the interval
[
Blf −∆Bc/2,Blf +∆Bc/2
]
,
where ∆Bc = 2m
2/
(|qf |κ2). It gives that
∆−(nf = lf , qf ) ≃ −|qf |κ
2m
(
B −Blf
)
,
∆−(nf = lf ± 1, qf) ≃ ± mB
κBlf
(23)
and hence
∆2−(nf = lf , qf ) ∈
[
0,
m2
2κ2
]
,
∆2−(nf = lf ± 1, qf ) ≃
m2
κ2
, (24)
where both are not related to the electrical charges. One
has ∆2−(nf = lf , qf ) . 0.975m
2 for κ = 0.716.
The comparison among Eq.(19, 20) and Eq. (21)shows
that the analytical forms of Π+ are coinciding with Π0,
either carried by tlLL or (tl ± 1)LLs. Moreover, reading
from Eq. (24), their independences of B lead Ξ+ (nu) =
Ξ0 (nf ). The absolute value of numerators |I+|/|I0| =
4/5 for both Landau level cases. Since I+,0 ∼ B3, we
arrive our conclusion that the charged pion is as light as
neutral one with
M±(B) ∼M0
(
(4/5)
1
3 B
)
(25)
under a simple derivation.
Eventually, we prove that the polarization operators
Π± and Π0 share similar expressions in the tlLL approx-
imation and the charged pion masses limit to the neu-
tral pion as a consequence. Although, the lattice result
shows that M± haven’t same as M0 up to 3 GeV
2. Our
tlLL approximation reveals the mechanism that why the
charged pion is not preserving as a point particle and its
mass stop linearly growing after eB ∼ 0.3 GeV2, where
tlLL is starting playing a role. From eB ∼ 0.8 GeV2,
tlLL fully controls the dynamical behaviors of fermions
and the masses of pi± keep decreasing and then tend to
the neutral pion around 1.6 GeV2.
CONCLUSIONS
In this letter we analyze the masses of pions in the
presence of strong background magnetic fields. The con-
clusion is summarized in Eq. (25). Our work shows a per-
fect pattern agreement between the NJL model approach
and lattice simulation concerning the magnetized charged
pion masses. The analytical formulas are obtained af-
ter introducing the anomalous magnetic moment of light
quarks. We firstly derive the quark propagator within
AMM coupling, which exhibits a shifting of the dominant
Landau level. Before tlLL taking control over, the mass
behaviors of charged particles could be described well
by the meson LLL approximation. But, as a composite
particle, charged pion’s mass decreases as magnetic field
growing since the ruling Landau levels constitute smaller
effective masses than the LLL and allow s-wave paring
to form pi±.
Let us make a small remark here that the constituent
quark masses shall obtain from the gap equation within
a full NJL model consideration, which is supposed to
depend on the quark electric charges in tlLL approxima-
tion. In our estimation, we have applied a same dynami-
cal mass for u, d quarks since such slight flavor difference
is neglected in ultra-strong energy scale of (eB)
1
2 .
After the discovery of light charged pions in strong
B-field from lattice simulation. It is interesting to ask
why pi± behavior like Goldstone mesons again. One nat-
ural answer is that the effective Lagrangian is no longer
strongly relied on the electric charge. As well known,
in an external magnetic field, it triggers spin dependent
interaction, e.g. AMM coupling, and such spin interac-
tion washes out the sign dependence of quark’s electric
charge. One immediately realizes when AMM interac-
tion overwhelms the minimal coupling of electromagnetic
field, the mass of charged pion will close to its original
one, even though the subject to the absolute magnitude
of charges has been remained. From the view of symme-
try, it is already a breakthrough in restoring the global
symmetries of light flavor quarks, which is ruined by the
background EM coupling.
The particular spin effects of anomalies have been ob-
served in many spin-dependent cross sections in strong
interaction. Various nonperturbative approaches have
been devoted to understanding the knowledge of spin
physics in QCD. Strong EM probe of the hadrons offers
a unique tool to study the internal structure of hadrons.
Before, not very much attention has been paid to the
changing of the ruling Landau level which arises due to
the AMM effect in strong B-field. Indeed, the AMM in-
teraction is not only a key to describe the magnetized
hadrons, such as dimension restoring of the light quarks
at finite Landau level in dynamics, but also its associated
tlLL approximation serves as a simple analysis framework
before burdensome numerical simulation.
In this letter we have endeavored to show that the
phenomena is non-trivial after taking into account the
AMM coupling. It could be expected that a studying
at finite temperatures is absolutely motived [28]. We
call attention to another interesting implication of the
tlLL approximation is to fulfill the debate that whether
vector ρ meson condensates in strong B-field [30, 31].
5Or alternatively, one shall answer how the weak decay
constant fpi develops under the effect of AMM term [32].
These will be the subject of a subsequent paper.
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